Given a nonempty set Y ⊆ R n and a function f :
Introduction
Let [a, b] be a compact interval, and let p ∈ [, +∞] and n ∈ N. As usual, we denote by 
To the best of our knowledge, there are not many existence results in the literature as regards problem (). Some of them [-] deal with the special case where n =  and f (t, x, z, y) = y -g(t, x, z, y), where g satisfies some growth conditions with respect to (x, z), and very strong conditions (such as Lipschitzianity) are imposed on y. In general, there is little known about the existence of solutions for boundary value problems associated to the equation f t, u(t), u (t), . . . , u (k) (t) =  () (even when f is continuous), unless it is possible to solve the equation with respect to the highest derivative. In this case, a variety of existence results based on the Leray-Schauder theory is available. As regards boundary value problems, a global continuous solvability in u (k) is needed, which is rarely available (we refer to [, ] and to the references therein for more details).
One approach, used in [, ], consists to reduce () (or, more generally, ()) to a differential inclusion of the form u (k) (t) ∈ t, u(t), . . . , u (k-) (t) , with a 'well-behaved' multifunction , and then to apply existence results for differential inclusions or selection arguments. Even in this case (see [, ] ), the continuity of f is assumed. Our aim in this paper is to prove an existence result for problem (), in the general vector case, where we assume only that the function f (t, x, z, y), with respect to y, is continuous and locally nonconstant. Moreover, our assumptions do not imply any continuity with respect to (x, z). In particular, a function f satisfying our assumptions can be discontinuous at each point (x, z) ∈ R n × R n , for all fixed (t, y)
Our approach is based on a selection theorem (Theorem . below) for multifunctions defined on subsets of product spaces. Such result, which refines a former version originally proved in [] , ensures the existence of a selection (for a given multifunction), whose set of discontinuities has a peculiar geometric property. That is, it is contained in the union of the set where the given multifunction fails to be lower semicontinuous, together with a finite family of sets, each of them with at least one projection of zero measure.
The selection theorem will be proved in Section , together with other preliminary results. In Section , our main result will be stated and proved, together with examples of application. Finally, in Section , we show how the same approach can be usefully employed to study an implicit integral equation of the form f t, b a g(t, z)u(z) dz, u(t) = .
We obtain an existence result where, as above, the function f (t, z, y) is only assumed, with respect to y, to be continuous and locally nonconstant. As before, our assumptions allow f (with respect to the second variable) to be discontinuous at all points x ∈ R n . As showed in Section , our result extends and also improves in several directions some recent results.
Notations and preliminary results
In the following, given n ∈ N, we denote by A n the family of all subsets U ⊆ R n such that, for every i = , . . . , n, the supremum and the infimum of the projection of conv(U) on the ith axis are both positive or both negative ('conv' standing for 'closed convex hull'). Given any Lebesgue measurable set V ⊆ R n , we indicate by L(V ) the family of all Lebesgue measurable subsets of V , and by m n the n-dimensional Lebesgue measure in R n . For all i ∈ {, . . . , n}, we shall denote by P n,i : R n → R the projection over the ith axis. We also denote by F n the family of all subsets F ⊆ R n such that there exist sets
The space R n will be considered with its Euclidean norm
Let X be a topological space. We shall denote by B(X) the Borel family of X. In the following, if T is a Polish space (that is, a separable complete metric space) endowed with a positive regular Borel measure μ, we shall denote by T μ the completion of the σ -algebra B(T) with respect to the measure μ.
For the basic definitions and facts about multifunctions, we refer to [] . Here, we only recall (see also [] ) that if (S, D) is a measurable space and X is a topological space, then a multifunction F : S →  X is said to be D-measurable (resp., D-weakly measurable) if for any closed (resp., open) set A ⊆ X the set
is measurable. Finally, if x ∈ R n and r > , we put
Our first goal in this section is to prove the following selection result, which is essential for our purposes (for definitions and basic properties as regards Souslin sets and spaces, the reader is referred to [] 
(ii) for a.e. t ∈ T, one has
Then, there exist sets Q  , . . . , Q k , with
and a function φ :
(c) for a.e. t ∈ T, one has
As noted in Section , Theorem . is a refinement of Theorem . of [] . Although the proof is quite similar to the one of [] , for the reader's convenience we shall give it explicitly. First of all, we prove the two following lemmas.
Lemma . Let T, X be two Polish spaces, and let μ be a finite positive regular Borel measure on T. Let W ⊆ X be a Souslin set, f : T × W → R a given function, E ⊆ W another set. Assume that:
Proof Without loss of generality we can assume that f ≥  in T × W . Let d be the distance in X. Fix n ∈ N, and let f n : T × X → [, +∞[ be defined by putting, for all (t, x) ∈ T × X,
Let us observe the following facts.
(a) For all x ∈ X, the function f n (·, x) is T μ -measurable over T. To see this, fix x ∈ X. Our assumptions imply that the function 
In particular, by () we have
We claim that
To see this, fix (t, x) ∈ T × (W \ E) and assume that ψ(t,
This implies that {y n } → x in X (hence, in particular, in W ). By assumption (iii), we get
a contradiction. Thus, () is proved. Now, in order to prove the conclusion, fix ε > . By Theorem  of [], for each n ∈ N there exists a compact set K n ⊆ T such that μ(T \ K n ) < (ε/ n ) and the function f n | K n ×X is continuous. Let K := n∈N K n . Of course, K is compact and μ(T \ K) < ε. Moreover, for all n ∈ N the function f n | K×W is continuous. Consequently, the function ψ| K×W is l.s.c. Let
(such U exists since ψ| K×W is lower semicontinuous). For all (t, x) ∈ U, by () and () we get 
Proof Let d S be an equivalent distance over S such that d S ≤ , and let {s n } be a dense sequence in S. Fix ε > . For each n ∈ N, let h n :
By assumption (i) and Theorem . of [] , the function h n is T μ ⊗B(W )-measurable. Moreover, by assumption (ii) and Lemma  of [] , for all t ∈ T we have
By Lemma ., there exists a compact set
Again by Lemma  of [] , this implies that the multifunction F| K×W is lower semicontinuous at each point (t, x) ∈ K × (W \ E). This completes the proof.
The following results are proved in [] . We state them for easy reading (in the following, the space N N of all infinite sequences of integers is considered with the product topology;
we recall that N N is Polish and zero-dimensional). 
and two functions π :
function π is continuous and open;
(b) the function σ is continuous at each point 
Proof of Theorem . It is matter of routine to check that, without loss of generality, we can assume that () holds for all t ∈ T.
Fix n ∈ N. By Lemma . (applied to the multifunction F :
there exists a compact setK n ⊆ T such that
and the multifunction F|K n ×W is lower semicontinuous at each point (t, x) ∈K n × (W \ E). Let us put
The sets {K n } are pairwise disjoint, the equality n∈NK n = n∈N K n holds, and for all n ∈ N the multifunction F| K n ×W is lower semicontinuous at each point (t,
Hence Y ∈ B(T), and for all j ∈ N one has
hence μ(Y ) = . Now, let us apply Lemma . above to the k +  spaces T, X  , . . . , X k . We see that there exist sets
and functions π and σ satisfying the conclusion of Lemma .. For each n ∈ N, let us apply Lemma ., with
We see that there exists a function g n :
and has null measure) and let
Finally, if we fix
The proof is complete.
Finally, we prove the following proposition. Assume that:
Then one has:
(a) G has nonempty closed convex values;
Proof Conclusions (a), (b), and (c) can be proved by arguing exactly as in the proof of Proposition  of [] . To prove conclusion (d), fix t ∈ [a, b], and let x ∈ R n \ E such that
Since ε >  was arbitrary and G(t, x) = ∅, we get the conclusion.
The main result
The following is our main result. 
one has:
(ii) for a. 
Proof From now on, we assume that assumptions (ii)-(v) are satisfied for all t ∈ [a, b] (it is routine matter to check that it is not restrictive to do this). First of all, we assume p < +∞.
be the multifunctions defined by setting, for all (x, z) ∈ , 
By what precedes, the multifunction Q has nonempty closed values and, for each fixed t ∈ [a, b], the multifunction Q(t, ·, ·) is lower semicontinuous in . Now we prove that the multifunction Q is L ([a, b] ) × B( )-measurable. To this aim, let A ⊆ Y be a nonempty open connected set, such that Q -(A) = ∅. We claim that
To this aim, fix any (t  , . We see that
hence (t  , x  , z  ) belongs to the right-hand side of (). Conversely, let (t * , x * , z * ) belong to the right-hand side of (). Thus, there exists (
Since A is connected and f (t
We now distinguish two cases.
() If y  is not a local extremum for the function f (t * , x * , z * , ·), then we get
() If y  is a local extremum for the function f (t * , x * , z * , ·) (not absolute by assumption (iv)), then y  is also a local extremum for the function f (t
Consequently, by Lemma . of [], there exists a point y
This easily implies that y * is not a local extremum for the function f (t * , x * , z * , ·) (considered over the whole set Y ). Therefore, we have y
Thus, the equality () is proved, and therefore, by assumption (i), the set 
, and also
Now we want to apply Proposition . to the function ψ, choosing E = R n \ . To this aim, observe that:
, and all (x, z) ∈ R n × R n , we have ψ(t, x, z) ∈ B n ( R n , β(t)) (this follows by the construction of φ and Q and by assumption (v)), hence for all
by Proposition . we see that:
(c) for all t ∈ [a, b], the multifunction G(t, ·, ·) has closed graph;
, and the function ψ(t, ·, ·)| = φ(t, ·, ·) is continuous at (x, z) ∈ , then one has
Moreover, observe that by the above construction we see that
In particular, by () we get
Now, fix i ∈ {, . . . , n}. Of course, () implies that
(of course, we are denoting by u i (t) the ith component of u(t)). In particular, taking into account that Y ∈ A n , this implies that u i (t) has constant sign for all t ∈ [a, b] \ K  . Assume that
Since u i (t) is absolutely continuous, we have Again by Theorem  of [], the functions
and
are absolutely continuous. Consequently, by Theorem . of [], for each Lebesgue measurable U ⊆ R, with m  (U) = , the sets
have null Lebesgue measure. If, conversely, one has
by an analogous argument we can get the same conclusion. Now, for each i = , . . . , n, let us put
For what precedes, we have m
, for all i = , . . . , n we get
Since t / ∈ K  , this implies that the function φ(t, ·, ·) : → R n is continuous at (u(t), u (t)).
Hence, by the property (d) and the above construction, taking into account that t / ∈ K  and (), we get
u(t), u (t) = φ t, u(t), u (t) ⊆ Q t, u(t), u (t) ⊆ V t u(t), u (t) .
Therefore, we get u (t) ∈ Y and f t, u(t), u (t), u (t) = .
Thus, our conclusion is proved in the case p < +∞. Now, assume p = +∞. 
By (v) we get
The proof is now complete.
Remark Theorem . can be put in the following equivalent form. 
It is immediate to check that for each fixed (t, y)
Now, let us observe that such a function f satisfies the assumptions of Theorem .. To this aim, choose V  = V  = Q, D = D = Y , and let be any countable dense subset of Y × Y . In this case, we have
hence in particular we get = R  \ E and
in Y , and also
Consequently, the set {y ∈ Y : s (y) = } is countable, hence s is never identically equal to  in any interval I ⊆ Y . This implies that there exists no interval I ⊆ Y such that s(·) is constant on I. Therefore, assumption (iv) of Theorem . is also satisfied. We also remark that if x = kπ (with k ∈ Z), then s takes both positive and negative values, hence f (t, x, z, ·) is not monotone.
and (x, z) ∈ be fixed, and let y ∈ Y be such that f (t, x, z, y) = . By the definition of Y and f we get
Since the function
Therefore, all the assumptions of Theorem . are fulfilled. Consequently, there exists
and also
Finally, we observe that problem () does not admit the trivial solution u(t) ≡ .
The following result is an immediate consequence of Theorem .. 
one has: Example  Let n = . We now denote vectors of R  by
Of course, for all t ∈ [, ] the function g(t, ·, ·) is discontinuous at all points (x, z) ∈ R  .
However, Theorem . can be easily applied, by choosing
and taking as D any countable dense subset of Y .
In particular, we observe that in this case we have = R  \ E and
Consequently, assumptions (i) and (ii) of Theorem . are satisfied. If we fix t ∈ [, ], then ψ(t, , ) =  and ψ(t, ·, ·) is upperly unbounded, hence
Hence, assumption (iii) of Theorem . is also satisfied. We now prove that assumption (iv) is also satisfied (although this fact is quite intuitive, we provide a direct proof ). 
We also observe that problem () does not admit the trivial solution u(t) ≡  R  .
Implicit integral equations
As announced in Section , our aim in this section it to apply the same approach as before to the study of implicit integral equations. From now on, let n ∈ N be fixed. In what follows, for simpler notation, we shall put P i := P n,i . The following theorem is the main result of this section. 
, and for all
Moreover, assume that:
Proof Without loss of generality we can assume that assumptions (ii)-(v) are satisfied for all t ∈ [a, b]. Moreover, taking into account that p > , it is not restrictive to assume j < +∞. Let F  , F  , . . . , F n ⊆ R n , with m  (P i (F i )) =  for all i = , . . . , n, be such that F = is absolutely continuous. Now, put
Since all functions δ 
u(t) ∈ G t, (û)(t) .
Moreover, by the definition of S, we easily get
hence (taking into account (c) and that t / ∈ K  ) the function φ(t, ·) is continuous at (û)(t).
By (d) , this implies that

G t, (û)(t) = φ t, (û)(t) .
Thus, we get u(t) ∈ G t, (û)(t) = φ t, (û)(t) ⊆ Q t, (û)(t) , Finally, by () and () we immediately get
This completes the proof.
